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INTRODUCTION

The process of actual reconstruction of cul-
tural heritage objects found in archaeological ex-
cavations in the form of individual elements is a 
tedious, ineff ective activity, with a high chance of 
errors. Similar problems can be found in medi-
cine (e.g., matching bone fragments), forensics 
(e.g., reproducing evidence) – a lot of small el-
ements not distinguished by texture, yet unique 
in terms of shape. The sum of these features cre-
ates a paradox of a task of potentially signifi cant 
importance and high priority, yet too costly in 
terms of the work to be conducted. In terms of 
the number of combinations to check, rectangle 
packing puzzles, square packing puzzles, jig-
saw puzzles or polyomino packing puzzles, can 
be a computational challenge [1]. Additionally, 
apictorial puzzles require taking into account 
many non-obvious metrics[2]. Despite this, in the 
last fi fty years, at least several dozen studies have 
been conducted using various, automatic and 

semi-automatic, case-specifi c methods of arrang-
ing 2D puzzles[3], proving not only that it is an 
important issue, but a feasible task. Moreover, the 
methods that have already been described, like 
2D edge matching[4], are still being developed, 
for example, to fi nd relationships in the shape of 
relief elements[5], use new tools, like 3D scan-
ners, and change the scope of operability, for ex-
ample, to match 3D polygonal arcs[6,7].

The authors propose their approach to solve 
the problem of apictorial 2D puzzles, using the 
description of the edges of artefacts using the 
compass rose (CR) [8], consisting of unit vec-
tors of the same length, diff ering in direction and 
sense. Each of the vectors is assigned a diff erent 
letter of the alphabet [9]. After assigning succes-
sively determined vectors to the contour of the 
element, knowing their sequence and the letter 
belonging to them it was possible to defi ne the 
contour entry in the form of a sequence of charac-
ters (Fig. 1). The process of creating the contour, 
its features, as well as the principle of operation 
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of the method have already been discussed in the 
article [10]. The description of the contour used 
diff ers from those that can be found in the litera-
ture, e.g. [11, 12] because it carries information 
about both the shape and length. The Levenshtein 
metric was used to compare the contours of the 
two analysed elements [13] and check the number 
of insertions, deletions, and substitutions needed 
to make strings identical.

When comparing two strings, Levenshtein 
metric returns zero if they are identical, a value of 
one is returned if the characters being compared at 
the same positions in the strings do not match, or 
when a single character in one of the strings must 
be added or removed to match. The comparison 
of strings is performed for the assumed length of 
the substring of characters describing the contour. 
When the returned value of a comparison using 
Levenshtein’s metric is zero, the analysed ele-
ments match the selected section. The connection 
that will be made on a substring as long as pos-
sible is the most desirable. The matched elements 
are combined, and a description of their common 

contour is generated automatically, creating a 
new sequence of characters. The next element 
from the set of available elements is selected 
for the assembled object to check its fi t and, if it 
meets certain matching criteria, it is added to the 
existing object.

The procedure of matching and assembling 
is conducted until no elements are left for com-
parison. The developed method based on the ex-
haustive search is able to determine all possible 
combinations of connections. However, this is 
burdened with a large number of calculations (in-
cluding comparing sub-strings, of a certain length, 
from every two elements contours, shifted by one 
character) and a long execution time [14]. The 
complexity of calculations, as the number of com-
putations and the time it takes to complete them, 
grows exponentially with each successive element 
added to the initial pool (Table 1) [10].The obvious 
solution would be to implement vertical scaling 
(increasing the computing power of the calculating 
machine, concurrent processing), horizontal scal-
ing (spreading calculations over many machines) 
or both. This action would lead to a general reduc-
tion in the duration of searching for all possible 
solutions, however it would not help to improve 
the quality, which can be interpreted, inter alia, as 
performing mainly processes that can bring the ac-
tual results. Unfortunately, without specifying the 
method for assessing potential combinations, there 
is no certainty whether the indicated elements will 
or should match (example Fig. 2). 

For example, treating assemblies constructed 
of the largest number of elements from the ini-
tial pool cannot be considered a right or accu-
rate composition due to the uncertainty about the 
quality of the initial elements pool (Does the ini-
tial set contain all the necessary elements? Does 
it contain duplicates? Does the set have pieces 

Fig. 1. An example of creating an abstract word that 
describes the outline of an element: (1) object, (2) 
the eight-point CR, (3) object edge notation using 
CR vectors (red point – start position, red arrows 
– the direction of contour drawing), (4) charac-
ter code after changing vectors into characters

Table 1. A list of the theoretical maximum number of comparisons needed to achieve possible combinations

The number of elements in 
the initial set1

The approximate number of 
comparisons needed2

The number of possible assemblies by a number of elements 
included:

2 3 4 5

5 8.370*105 10 30 60 60

7 6.116*107 21 105 420 1260

9 6.634*109 38 266 1596 7980

11 9.638*1011 59 531 4248 29736

13 1.857*1014 84 924 9240 83160

15 4.627*1016 113 1469 17628 193908
1 Average element length – 53.
2 Approximation for the length of the substring being compared – 15.
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from only one puzzle?). It seems natural to limit 
the number of tested assemblies, leaving only the 
most promising ones. In this way, it would be pos-
sible to achieve both an increase in quality and a 
reduction in the time needed to perform the calcu-
lations. The results of the previous numerical ex-
periments [10, 14] showed that in the constructed 
algorithm too many comparisons are made, even 
in situations that do not lead to obtaining solu-
tions forming a compact system. The attempts 
to limit the number of potential connections, by 
implementing fail-fast components, so far have 
proved that it is possible to rapidly reduce the fi -
nal number of comparisons made (Table 2). The 
methods used so far were:
• (e_v1) duplicate rejection mechanism and 

elimination of elements overlapping;
• (e_v2) dynamic window mechanism (DPL 

and DPL2 – described later in the paper) and 
elements from e_v1;

• (e_v3) dynamic comparison window as a list 
of values and elements from e_v1.

The introduction of strict rules so far could 
cause a decrease in the number of possible so-
lutions. Notwithstanding, it does not have to 

correlate with decrease in the number of connec-
tions necessary to make (Table 2).

Moreover, the connections determined in this 
way are not very revealing and according to ex-
pert judgment) do not diff er signifi cantly from 
the solutions found using a simpler method This 
confi rms the need to fi nd a better way to assess 
the suitability of potential connections, to imple-
ment a better, even more radical method of cut-
ting off  meaningless connections. The follow-
ing questions arise: What indicators should be 
included in the aggregate evaluation of the con-
nected parts in order to have additional informa-
tion about the quality of the fi tting and assemble 
performed?; is it worth continuing the matching 
and assemble process for each selected item from 
the set of available items? Looking for answers 
to the above questions, it was decided to conduct 
an experiment using the method of fuzzy evalua-
tion of potential connections, due to various pos-
sible methods of assembling and many methods 
to evaluate them. Fuzzy logic mechanisms are 
now widely used in natural sciences, technical 
sciences and industry, from industrial manufac-
turing, automatic control, automobile production 
[15], through techniques of image recognition 
and grouping images [16] to even to bird migra-
tion predicting [17].

There have already been scientifi c papers 
that use fuzzy logic in the form of a modifi ed 
Levenshtein algorithm – Fuzzy Levenshtein 
for linguistic calculations [18]. However in this 
work, the traditional, deterministic version of 
Levenshtein algorithm. The fuzzy logic system 
was used only to assess the quality of assemblies 
of elements due to the uncertainty regarding all 
the calculated indicators. Although the problem 
can be considered purely as a combinational 
one, the intention of using fuzzy logic element 
in the described algorithm, as well as the main 
motivation behind the research described below, 
is not to reduce the number of comparisons. The 

Fig. 2. An example of assembling fi ve ele-
ments in two extremely diverse methods. With-
out a suitable grading method, both must stay 

as relevant up to the end of calculations

Table 2. The number of possible assemblies and the number of accumulated comparisons

Evaluation The number of comparisons 
needed

The number of assemblies of diff erent number of elements1

2 3 4 5

Theoretical 837000 10 30 60 60

e_v1 312199 0 3 6 14

e_v2 149899 1 4 5 1

e_v3 617796 0 5 6 1
1 Numbers from checking the diff erent number of elements (from 2 to 5) and checking only one way of potential 
assembly.
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motivation is to lead to a situation in which part 
of comparisons would not have to be made by, 
for example, indicating a more precise adjust-
ment of the elements’ bond tolerances.

The goals of the study are: (G1) to define in-
dicators to determine the suitability of the created 
matches for the further process of searching for 
joints; (G2) to determine the degree of optimisa-
tion of the method’s performance, considering the 
reduction in the number of comparisons and the 
number of potential yet ineffective connections.

PREPARATION OF A FUZZY 
EVALUATION MECHANISM

Indicators for the fuzzy evaluation system 
of the degree of matching elements

The following indicators were defined to 
build mechanisms that would allow to automati-
cally control the operation of the algorithm for 
matching elements and then assemble them:
1. (DPL) the substring length – the number of 

characters forming the abstract word taken 
from the contour describing one element, 
which in the given calculation phase is used to 
compare the correspondence when analysing 
the two considered elements.

2. (C1) object outline length is the number of 
characters describing the outline after assem-
bling the two compared elements

  𝐶𝐶1 = 𝑁𝑁1 + 𝑁𝑁2 − 2 ∗ 𝐷𝐷𝐷𝐷𝐷𝐷  (1) 
 
𝐷𝐷𝐷𝐷𝐷𝐷2 = 𝐷𝐷𝐷𝐷𝐷𝐷

𝑚𝑚𝑚𝑚𝑚𝑚(𝑁𝑁1,𝑁𝑁2)  (2) 
 
𝐶𝐶2 = (𝑁𝑁1+𝑁𝑁2)

𝐶𝐶1   (3) 
 

 (1)

where: N1 and N2 denote the number of charac-
ters of the first and second elements being 
compared, respectively.

3. (DPL2) the ratio of the length of the substring 
number of characters to the length of the short-
er of the compared elements

  

𝐶𝐶1 = 𝑁𝑁1 + 𝑁𝑁2 − 2 ∗ 𝐷𝐷𝐷𝐷𝐷𝐷  (1) 
 
𝐷𝐷𝐷𝐷𝐷𝐷2 = 𝐷𝐷𝐷𝐷𝐷𝐷

𝑚𝑚𝑚𝑚𝑚𝑚(𝑁𝑁1,𝑁𝑁2)  (2) 
 
𝐶𝐶2 = (𝑁𝑁1+𝑁𝑁2)

𝐶𝐶1   (3) 
 

 (2)

For the typical assemblies of the analysed 
elements, the values of C2 range from 0.15 to 
0.30.The program can be initiated such that the 
operator indicates the DPL value, and the DPL2 
value will be calculated automatically. The re-
verse is also possible - the operator indicates 
the desired DPL2 directly and the DPL value is 
automatically calculated.
4. (C2) the contours of the object after assembling 

are the quantity expressing the relationship 

between the original lengths of the contours of 
the compared elements (first and second) and 
the length of the contour after assembling.

  

𝐶𝐶1 = 𝑁𝑁1 + 𝑁𝑁2 − 2 ∗ 𝐷𝐷𝐷𝐷𝐷𝐷  (1) 
 
𝐷𝐷𝐷𝐷𝐷𝐷2 = 𝐷𝐷𝐷𝐷𝐷𝐷

𝑚𝑚𝑚𝑚𝑚𝑚(𝑁𝑁1,𝑁𝑁2)  (2) 
 
𝐶𝐶2 = (𝑁𝑁1+𝑁𝑁2)

𝐶𝐶1   (3) 
 

 (3)

For the typical assemblies of the analysed ele-
ments, the values of C2 range from 1.15 to 1.30.

Fuzzy rules

The prepared DPL, DPL2, C1, and C2 indica-
tors, were divided into three classes (“poor”, “av-
erage” and “good”) with the use of automatic divi-
sion into three classes of membership by triangu-
lar functions, where the minimum and maximum 
of the range were always automatically calculated 
for a given set of compared elements. An example 
of such a division for the C1 parameter is shown 
in Figure 3. The fuzzy logic system was developed 
based on twelve rules [19, 20] where the C1 index 
was preferred first, then C2, DPL and DPL2, while 
forcing a low overall assessment in the case of a 
low value of the C2 index, independently of the 
others (Table 3). The created rules represent a fail-
fast ruleset system design [21, 22] – only two rules 
describe the result potentially suitable for future 
evaluation (“good”), three rules describe the result 
at the limit of usefulness (“average”), and when 
the remaining seven rules describe the result con-
sidered to be weak or incorrect (“poor”). 

The rule set has been designed to be consis-
tent with the other testing components included in 
the developed method (e_v2) and to ensure that 
the poorly promising solutions will be screened 
out. The fuzzy system calculates the result as a 
numerical index on a scale from 0 to 9, using the 
three classes of result membership as well as cen-
troid defuzzification. The numerical fuzzy con-
nection rating index is used to sort the elements 

Fig. 3. Membership functions for the indicator C1
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and therefore select the best assemblies in terms 
of compactness, the ratio of the length of the con-
stituent elements to the length of the resulting el-
ement etc.. In such an approach and simple the 
scope of the use of fuzzy logic is not sufficient to 
conduct an exhaustive assessment. There is a lack 
of probabilistic hesitant fuzzy preference rela-
tions or multiplicative consistency analysis [23]. 
It was a conscious decision not to delve into these 
aspects of the fuzzy evaluation and preferred to 
focus on the very determination whether the very 
use of the fuzzy evaluation would positively af-
fect the quality of the algorithm’s work.

Algorithm for match search with global 
selection and radical cut-off mechanism

So far, the program has been based only on 
crisp logic and consisted, not counting initializa-
tion step (Fig. 4. Original A) of the following steps: 
 • Searching for possibilities to combine two ele-

ments where the first element comes from the 
initial set, or it is the result of assembling other 
elements and the second element comes from 
the initial set (Fig. 4. Original B), 

 • Creating a temporary subset containing all 
possible connections for two selected ele-
ments, sorting them (Fig. 4. Original C), and 
selecting specific ones according to the adopt-
ed criteria (local selection), 

 • Creating a global set of sorted combines with 
crisp logic only (Fig. 4. Original D),

 • Repeating the process from searching for possi-
bilities to combine two elements for each newly 
discovered assembly considered as “the first 

element” (Fig. 4. Original B) The process is re-
peated until the set of comparable elements is 
exhausted.

 • The experiment described in this paper involved 
introducing a temporary global set for which 
re-selection of a chosen number of matches 
(cut-off) for further searches (global selection) 
is performed. The procedure’s other elements re-
mained unchanged (Fig. 4. Modified A, B, C) The 
temporary global set involves two modifications:

 • The fuzzy evaluation mechanism of the use-
fulness of element connections to global selec-
tion on solutions stored in the temporary set 
(Fig. 4. Modified E). 

 • The cut-off strategy from leaving only a few from 
the global temporary set (Fig. 4. Modified F). 

The example in Figure 4 shows a scenario 
where no more than three matches are select-
ed from each temporary subset. The novel ap-
proach is to check the quality of matches from 
all temporary subsets in the context of all found 
matches in one temporary global set. Poten-
tial combinations are ranked according to the 
fuzzy score value and the top five of them are 
selected, to identify the most promising solu-
tions from the entire temporary set, regardless 
of what elements the connection concerns. The 
number of five was selected based on previous 
experience with verifying the usefulness of the 
solutions created. A preliminary analysis of the 
algorithm’s complexity showed that the version 
enriched with fuzzy logic is more complex. It 
is assumed that that performing a larger opera-
tion on a single potential assembly, which re-
sults in the rejection of incorrect or unpromising 

Table 3. Description of fuzzy rules used in the experiment
Rule Results

C1, C2, DPL and DPL2 are GOOD Good

C1 and DPL are GOOD, while C2 and DPL2 are AVERAGE Good

C1, C2 and DPL are GOOD, while DPL2 is AVERAGE Average

C1 and DPL2 are GOOD, while C2 and DPL are AVERAGE Average
C1 AVERAGE and C2 POOR automatically classify the outcome to AVERAGE, 
independently of the remaining ones Average

C1 and DPL are AVERAGE, even if the remaining ones are GOOD Poor

All are AVERAGE, even if C2 is GOOD Poor

C1 is POOR, and the remaining ones GOOD Poor

C1 is POOR, C2 AVERAGE, and the remaining ones POOR Poor

C1 is POOR, and C2 AVERAGE, even if DPL and DPL2 are GOOD Poor

C1 is POOR, and C2 AVERAGE, even if DPL is AVERAGE Poor

C2 is POOR, independently of the remaining ones Poor
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bifurcations (local intensity), will eventually 
lead to a decrease in the overall number of com 
putations (global extensiveness, low intensity).

NUMERICAL EXPERIMENT

To conduct the experiment, an additional 
script was created, dedicated to fuzzy evaluation 
purpose (Fig. 4. Modified E). The extracted par-
tial results from the main application’s loop were 
used and were placed in the fuzzy logic system 
based on the scikit-fuzzy library in version 0.4, 
using the rule system described earlier. Tests were 
conducted in Python version 3.9 on the Windows 
platform. Numerical experiments were performed 
based on synthetic data of a defined set of ele-
ments for which a correct total solution is known 
[14]. A constant threshold in Levenshtein metrics 

was assumed for all comparisons (Fig. 4. Original 
C and Fig. 4. Modified C), as well as the initial 
arrangement of elements (Fig. 4. Original A and 
Fig. 4. Original A). The initial elements were de-
scribed in one fixed manner in terms of contour 
accuracy, selection of the starting point for cre-
ating contour description etc. The e_v2 method 
of limiting the number of potential connections 
was used for both not fuzzy and fuzzy evaluation 
tests. The limit values for all parameters (DPL, 
DPL2, C1 and C2) were determined on the ba-
sis of the minimum and maximum value from the 
temporary global set.

RESULTS OF THE EXPERIMENT

Table 4 presents the results of the experiment 
conducted and compared them with the previous 
results. The table describes, among others:

Fig. 4. Comparison of two algorithm versions: Original – the algorithm for match search used so far: green 
check icon –promising assembly that can be taken to the next step, red cross icon – a poor assembly that is 

deleted from sets; Modified – the algorithm for match search with a new approach: green check icon –promis-
ing assembly that can be taken to the next step, red cross icon – a poor assembly that is deleted from sets
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 • NFG – not fuzzy grade, the assessment used 
so far (9 – the best, 0 – the worst)

 • FG – fuzzy grade (9 – the best, 0 – the worst)

As results of the calculations, the application 
of the system of limiting the composition of ele-
ments through their evaluation in the fuzzy logic 
system with special allowed for a better selection 
of elements for the search for further assumptions, 
reducing the number of possible comparisons by 

95% (Fig. 5, 6). The introduced fuzzy logic system 
was used as a special selector and its compliance 
with the expert judgment allowed for the selection 
of the potentially most promising assemblies. To 
be able to perform such drastic cuts of complex el-
ements not showing a worth continuation, the eval-
uation method must be precise enough to deal with 
the uncertainty. The proposed fuzzy system meets 
the expectations set for it, which results from the 
data obtained from the numerical experiment.

Table 4. List of initial parameters of the elements used for the experiment, with mid-process evaluation and com-
parison of current results (NFG) with new ones (FG)

Initial parameters Mid-process evaluation parameters1 Final scores

N1 N2 DPL DPL2 C1 C2 NFG FG

40 40
8 0.2 64 1.250 8 2.2971

9 0.225 62 1.290 9 1.5366

61 45

9 0.2 88 1.205 7 3.7128

10 0.223 86 1.233 8 3.7319

11 0.244 84 1.262 9 3.7327

40 72
9 0.225 94 1.191 9 3.5722

10 0.25 92 1.217 8 3.6358

60 72

13 0.217 106 1.245 9 4.3356

14 0.233 104 1.269 8 4.4957

15 0.25 102 1.294 7 4.4589
1 DPL2 was calculated automatically based on DPL value.

Fig. 5. The number of possible assemblies and the number of comparisons when check-
ing the possibility of a different number of elements (from 2 to 8), before implementing the use 

of fuzzy evaluation mechanism (only crisp logic evaluation) and new method of cut-offs 
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CONCLUSIONS

The results obtained from the conducted re-
search made it possible to achieve the set research 
objectives: the adopted indicators (DLP, DPL2, 
C1 and C2) turned out to be useful for selecting 
solutions that are stored in a subset of interim 
solutions(G1); It is possible to unambiguously 
define the degree of optimization of the method’s 
performance, considering the reduction in the 
number of comparisons and the number of po-
tential yet ineffective connections (G2). For an 
8-item set, this may mean reducing the number of 
comparisons needed to find 8-item solutions, from 
over 11.5 million to just around 520,000. The ex-
periment confirmed the potential of using fuzzy 
logic for the created algorithm. The fuzzy logic 
module provides an additional method of checking 
the qualitative assessment of the assemblies gen-
erated by the program. However, as the conducted 
experiments have shown, fuzzy logic mechanisms 
are not universal. The fuzzy evaluation is the more 
useful the larger the checked data set is. For small 
data sets, the fuzzy evaluation may not be reliable. 
The integration of both methods of elimination, 
fuzzy evaluation and radical cut-off strategy, guar-
antees both the high quality of potential solutions 

and their small number. Additionally, in contrast 
to the previously used rigid elimination rules, the 
developed fuzzy assessment tool has a greater po-
tential for future modifications with the use of ex-
pert and domain knowledge.
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